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1.

INTRODUCTION AND SUM M ARY

The question of whether the distributions of weather
or clim ate variables and their im pacts have “heavy” (i.e.,
Pareto-like) tails is im portant for several reasons. For
one thing, its neglect can result in a substantial underestim ation of the likelihood of extrem e events (e.g., in
term s of "return periods" or "design values" used in
engineering design). For another, the question of
whether extrem e weather or clim ate events and their
im pacts are increasing has been addressed through
trend analyses using conventional statistics (in effect,
assum ing m edium -tailed distributions) (e.g., Karl and
Knight, 1998). If these distributions were heavy-tailed,
then such trend analyses m ight well be suspect. In
particular, the standard errors associated with the
estim ated slopes of trend lines would be underestim ated.
In the present paper, first the m ethodology necessary to detect and m odel heavy-tailed distributions is
described. This m ethodology is based on the statistics
of extrem es (e.g., Reiss and Thom as, 1997). To detect
a heavy tail, either the generalized Pareto distribution is
fitted to the extrem e upper tail of the data or the generalized extrem e value distribution is fitted to m axim um
values extracted from the data (e.g., annual m axim a).
One convenient way to m easure the effects of heavy
tails is in term s of differences in estim ated design
values or return periods.

reviewed. Am ong weather or clim ate variables,
precipitation am ount has the strongest evidence for a
heavy tail. This evidence is not overwhelm ing when
individual sites are analyzed separately, but becom es
stronger when either relatively long records are
available or when regional analyses are perform ed
(e.g., assum ing com m on shape param eter within the
region). For im pact variables related to the weather or
clim ate, the evidence of heavy tails is quite a bit
stronger (e.g., econom ic dam age from extrem e
events such as hurricanes). The question is raised
about the extent to which any heavy tails in im pact
variables are attributable to the underlying weather or
clim ate variables, as opposed to an inherent tendency
of variables related to incom e or wealth.

2.

M ETHODOLOGY

2.1 Generalized Pareto Distribution
The concept of a heavy-tailed distribution is
form ally defined in term s of the Generalized Pareto
(GP) distribution. A fundam ental theoretical result
from the statistics of extrem es is that the upper tail of
essentially any distribution m ust be approxim ately of
the GP form (e.g., Sm ith, 2001).
The GP distribution function is given by:
F(x; F , ( ) = 1 ! [1 +

Next, one exam ple is considered in detail to
dem onstrate the application of this m ethodology. This
exam ple involves a 100-yr tim e series of daily precipitation am ounts at Fort Collins, C O . W ith such a long
record, the evidence for a heavy-tailed distribution turns
out to be relatively strong. Annual cycles in the precipitation param eters are explicitly m odeled, reducing the
possibility that this heavy tail is indirectly induced in
annual m axim a.
Last, the evidence of heavy tails in weather or
clim ate variables and their im pacts, in general, is
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> 0, 1 + ( (x/F ) > 0 (Reiss and Thom as, 1997,
Chapter 1). Here F is a scale param eter and ( is a
shape param eter. If ( > 0, then the distribution is said
to be heavy tailed; if ( < 0, then the upper tail of the
distribution is bounded. Taking the lim it as ( 6 0, (1)
reduces to the m ore fam iliar exponential distribution
(which is m edium tailed). If ( > 0, then the m om ents
of the GP distribution are infinite for orders greater
than1/( (e.g., the variance is infinite if ( > ½; the m ean
is infinite if ( > 1).
F

In practice, the two-param eter version of the GP
distribution (1) is fitted to the “excess” of the variable
over a relatively high threshold. One way to estim ate
the two param eters, F and ( , is by the m ethod of
m axim um likelihood, in this case requiring an iterative
numerical algorithm for nonlinear optim ization (Sm ith,

2001). The evidence for a heavy tail can be evaluated
by the likelihood ratio test for the shape param eter ( of
the GP distribution being zero (i.e., test of GP vs.
exponential distributions) (Reiss and Thom as, 1997,
Chapter 5).
2.2 Generalized Extreme Value Distribution
An alternative approach for detecting a heavy-tailed
distribution involves m odeling the m axim um of a sequence, som etim es term ed “block m axim a.” Another
fundam ental theoretical result from the statistics of
extremes is that any lim iting distribution of the maxim um
m ust be in the form of the Generalized Extrem e Value
(GEV) distribution (e.g., Sm ith, 2001).
The GEV distribution function is given by:
F(x; : , F , ( ) = exp{![1 +

(
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(2)

(ii) Excesses over the threshold u have a GP distribution with param eters F *and ( *.
The correspondence between the param eters of the
Poisson–G P m odel (i.e., 8, F *, ( *) and of the GEV
distribution (i.e., : , F , ( ) is given by the following
relations:
ln 8 = !(1/( ) ln[1 +

(

(u ! : )/F ],
(3)
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(Sm ith, 2001). In particular, the two shape param eters
are identical, so both approaches involve equivalent
m easures of heavy-tailed distributions. Taking the
lim it as ( 6 0, this m odel reduces to the
Poisson–exponential (i.e., corresponding to the
Gum bel distribution for the m axim um ).

F

> 0, 1 + ( (x ! : )/F > 0 (Reiss and Thom as, 1997,
Chapter 1). Here : is a location param eter, F is a scale
param eter, and ( is a shape param eter. The shape
param eter of the GEV distribution has the sam e interpretation as that for the GP distribution (i.e., if ( > 0,
then the distribution of the data whose m axim um is
being taken m ust be heavy tailed). Taking the lim it as (
6 0, (2) reduces to the Gum bel Type of extrem e value
distribution [which corresponds to the data having a
m edium (or exponential-like) tail].

The technique of m axim um likelihood can be
em ployed to estim ate all the param eters of the
Poisson–GP m odel sim ultaneously, as is necessary
when fitting GEV distributions in which the
param eters depend on covariates (e.g., annual
cycles). One additional task is to select the threshold
u, high enough that the GP approxim ation is valid but
not so high that the num ber of exceedances is too
sm all (Reiss and Thom as, 1997, Chapter 5).

The three param eters of the GEV distribution, :, F ,
and ( , can be estim ated by the m ethod of m axim um
likelihood, m aking use of the sam e type of num erical
techniques as required for the GP distribution (Sm ith,
2001). The evidence for a heavy tail can be evaluated
by the likelihood ratio test for the shape param eter ( of
the GEV distribution being zero (i.e., test of GEV vs.
Gum bel distributions) (Reiss and Thom as, 1997,
Chapter 4).

3.

2.3 Poisson–Generalized Pareto Model
The Poisson–GP m odel, som etim es called the
“peaks over threshold” (PO T) approach in hydrology,
can be viewed as an indirect way of fitting the GEV
distribution to m axim a (Reiss and Thom as, 1997,
Chapter 5). It has the advantage over the block m axima
approach that m ore inform ation about the extrem e
upper tail of the data can be utilized.
The Poisson–GP m odel involves the following two
com ponents:
(i) Exceedances of a high threshold u are generated by
a Poisson process with intensity param eter 8 ;

APPLICATION

3.1 Data
A relatively long tim e series of daily precipitation
am ount (i.e., 100 yr from 1900–1999) at a single
location (Fort Collins, CO) is analyzed. This data set
has been of recent interest, because of a flood that
occurred on 28 July 1997 (Petersen et al., 1999). It is
available at the Colorado Clim ate Center, Colorado
State Univ. (http://ulysses.atmos.colostate.edu). Fig.
1 shows a plot of the tim e series of annual m axim a.
Despite the recent flood, there is no evidence of a
trend.
3.2 Model Fitting
To system atically study the distribution of high
precipitation am ounts, several m odels are fitted by
the m ethod of m axim um likelihood. The GEV distribution is fitted both directly to the annual m axim a and
indirectly through the Poisson–GP m odel. Annual
cycles in the param eters of the GEV are m odeled in
the Poisson–GP approach (i.e., sine waves for : and
ln F ). For each m odel, the corresponding constrained
m odel with the shape param eter ( = 0 is fitted as well
for com parative purposes.

FIG. 1. Time series of annual maxima of daily precipitation amount
(in.) at Fort Collins, CO, 1900–1999.

FIG. 2. Effective design value (in.) for 100-yr return period of
annual maxima of daily precipitation amount at Fort Collins as
function of day within year.

A threshold of u = 0.395 in. is used in the Poisson–GP approach, with quite sim ilar results being
obtained for higher threshold values. Given the m arked
seasonality of precipitation in the region, it is not surprising that the Poisson–GP m odel with annual cycles
fits m uch better than does the corresponding m odel
without any cycles.

annual cycles). These design values correspond to
the annual m axim um daily precipitation am ount
whose probability of occurrence is 0.01. They are
term ed “effective” because they vary depending on
the tim e of year. If the heavy tail is ignored, a system atic underestim ation occurs (ranging from about 1 in.
in the winter to 3 in. in the sum m er).

3.3 Evidence for Heavy Tail
4.
Table 1 lists the m axim um likelihood estim ates of
the shape param eter ( and P-values for the likelihood
ratio test of ( = 0 for the Fort Collins data. The values of
the estim ated shape param eter are quite sim ilar in all
cases, near 0.2, or indicative of a heavy tail. In the block
m axim a approach, the evidence in support of a heavy
tail is som ewhat inconclusive. Utilizing more inform ation
about the upper tail, the Poisson–GP m odel indicates
overwhelm ing evidence for a heavy tail, whether or not
the annual cycle is explicitly m odeled.

TABLE 1. Shape parameter estimates and tests for heavy
tails in daily precipitation amounts at Fort Collins, CO.
Model

^

(

P-value

GEV (no cycles)

0.1736

0.0375

Poisson–GP (no cycles)

0.2119

< 10!11

Poisson–GP (cycles)

0.1818

< 10!9

Fig. 2 shows how m uch of a difference allowing for
a heavy tail m akes in term s of design values for the
annual m axim a corresponding to a return period of 100
yr for the GEV and Gum bel distributions (derived from
the Poisson–GP and Poisson–exponential m odels with

DISCUSSION

In general, how strong is the evidence that
weather or clim ate variables and their im pacts possess heavy-tailed distributions?
4.1 W eather or Climate Variables
Unfortunately, the evidence is som ewhat m eager
because of the lack of system atic study of the extrem e tails of weather or clim ate variables. Still it
appears that when one actually looks for heavy tails,
they are readily found for certain variables, especially
for precipitation am ount (consistent with exam ple in
Sec. 3).
Precipitation. In the hydrologic literature, stream flow is routinely found to have a heavy-tailed distribution (e.g., Anderson and Meerschaert, 1998). Unless
these results are solely attributable to the integrative
effects of stream -flow (i.e., being related in a com plex, nonlinear m anner to precipitation over an entire
water basin), they suggest that precipitation am ount
ought to have a heavy-tailed distribution as well. But
this can be difficult to conclusively determ ine from
only a single site, unless the record is relatively long.
W hen precipitation data for several locations are
m odeled sim ultaneously in what hydrologists refer to
as “regional analysis,” the power of “borrowing

strength” indicates that precipitation am ount does have
a heavy-tailed distribution (e.g., Buishand, 1989).
Applying the statistics of extrem es to the sam e daily
precipitation data set (consisting of a large num ber of
stations with relatively long records) analyzed by Karl
and Knight (1998), Sm ith (2001) concluded that precipitation am ount does possess a heavy-tailed distribution
(Sm ith, 2001).
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Temperature. For the m ost part, the evidence
points to the tem perature having a m oderate or
bounded upper (and lower) tail. For exam ple, in detailed
regional analyses of a large num ber of sites in the U.S.
Midwest and Southeast, Brown and Katz (1995) found
that the extrem e high (and low) daily tem perature has a
bounded tail (i.e., ( < 0).
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W ind. The situation for extrem e high wind speeds
is quite analogous to that described for tem perature
(Palutikof et al., 1999). Much evidence supports a
bounded tail (i.e., ( < 0), although the use of the
Gum bel type is still quite prevalent in engineering
design in practice.
4.2 W eather or Climate Impacts
Som e evidence exists that the econom ic im pact
associated with a given extrem e weather or clim ate
event has a heavy-tailed distribution. For exam ple,
Dorland et al. (1999) fit a heavy-tailed Pareto distribution to structural dam age due to extrem e wind gusts,
and Rootzén and Tajvidi (1997) showed that the GP
distribution (with ( > 0) fits wind storm dam age better
than the m ore traditional (m edium -tailed) lognorm al.
Katz (2001) found evidence that the distribution of
economic damage from hurricanes, prim arily caused by
high winds and flooding, has a heavy tail.
The question rem ains of whether the heavy-tailed
distribution of econom ic dam age is attributable to the
underlying weather or clim ate variable being heavytailed. Recalling that the Pareto distribution was originally devised in an attem pt to m easure econom ic
inequality (Arnold, 1983, Chapter 1), the distribution of
incom e or wealth has a general tendency to be heavy
tailed. So, if extrem e wind speed does indeed have a
distribution with a bounded tail as noted earlier, then the
“incom e” effect alone m ight well be responsible for the
associated dam ages being heavy tailed. On the other
hand, if dam age did not have a heavy-tailed distribution,
it seem s im plausible that the underlying clim ate variable
could be heavy tailed.
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